A sign pattern matrix is a matrix whose entries are from the set {+, −, 0}. The purpose of this paper is to characterize symmetric sign patterns that require unique inertia, that is, all the real symmetric matrices with the given sign pattern must have the same inertia. Further, some constructions to obtain sign patterns that require unique inertia are provided. Sign patterns corresponding to some special graphs are also considered. Finally, extensions to complex sign patterns are mentioned.
Introduction
In qualitative and combinatorial matrix theory, we study the properties of a matrix based on combinatorial information such as the signs of entries in the matrix. A matrix whose entries are from the set {+, −, 0} is called a sign pattern matrix (or sign pattern, or pattern). We denote the set of all n × n sign pattern matrices by Q n . For a real matrix B, by sgn(B) we mean the sign pattern matrix in which each positive (respectively, negative, zero) entry of B is replaced by + (respectively, −, 0). If A ∈ Q n , then the sign pattern class of A is defined by There is an extensive literature on inertias of matrices, for instance see [6] and the recent survey paper [2] . However, little was known about the inertia of a matrix solely based on the knowledge of the signs of the entries of the matrix. In this paper, we characterize the symmetric sign patterns that require unique inertia.
If A = (a ij ) is an n × n sign pattern matrix, then a formal product of the form γ = a i 1 i 2 a i 2 i 3 . . . a i k i 1 , where each of the elements is nonzero and the index set {i 1 , i 2 , . . . , i k } consists of distinct indices, is called a simple cycle of length k, or a k-cycle, in A. A composite cycle γ in A is a product of simple cycles, say γ = γ 1 γ 2 . . . γ m , where the index sets of the γ i 's are mutually disjoint. If the length of γ i is l i , then the length of γ is m i=1 l i . If we say a cycle γ is an odd (respectively even) cycle, we mean that the length of the simple or composite cycle γ is odd (even). In this paper, the term cycle always refers to a composite cycle (which as a special case could be a simple cycle).
A matching of size k in a digraph D = (V , E) is a set of k arcs 
Similarly, the symmetric maximal rank of A, SMR(A), is
For A ∈ Q n , the minimal rank of A, denoted as mr(A), is defined by
The maximal rank of A, MR(A), is given by
If S ∈ Q n is a diagonal sign pattern matrix, each of whose diagonal entries is + or −, then S is called a signature pattern. A signature similarity on a pattern A ∈ Q n is defined as a product of the form SAS, where S is a signature pattern. A sign pattern matrix S is called a permutation pattern if exactly one entry in each row and column is equal to +, and all other entries are 0. A product of the form S T AS, where S is a permutation pattern, is called a permutation similarity. Note that if S is a signature pattern, then SS = I (the diagonal sign pattern with all diagonal entries equal to +); if S is a permutation pattern, then S T S = SS T = I . Suppose P is a property referring to a real matrix. Then a sign pattern A is said to require P if every real matrix in Q(A) has property P, or to allow P if some real matrix in Q(A) has property P.
A sign pattern A ∈ Q n is said to be sign nonsingular if Q(A) requires nonsingularity. It is well known that A is sign nonsingular if and only if det(A) = + or det(A) = −, that is, in the standard expansion of det(A) into n! terms, there is at least one nonzero term, and all the nonzero terms have the same sign. A is said to be sign singular if Q(A) requires singularity, or equivalently, if det(A) = 0.
For a symmetric n × n sign pattern A, by G(A) we mean the undirected graph of A, with vertex set {1, . . . , n} and (i, j ) is an edge if and only if a i,j / = 0. In this paper, we mostly restrict our attention to real symmetric matrices. However, by generalizing the definition of i(B)
) is the number of eigenvalues of B in the right half plane (respectively, left half plane, imaginary axis), some results about i(B) for the symmetric case can be generalized to the nonsymmetric case.
Some general results and observations
Let A be a symmetric n × n sign pattern. It can be seen that there are exactly 1 2 (n + 1)(n + 2) triples that can be inertias of all n × n matrices. Indeed, if
. It is clear that not every subset of the set of these 1 2 (n + 1)(n + 2) triples can be achieved by some i(A). For example, there is no n × n symmetric sign pattern A with i(A) = {(n, 0, 0), (0, n, 0)}, since (n, 0, 0) ∈ i(A) means A allows positive definiteness and hence all diagonal entries of A are +, while (0, n, 0) ∈ i(A) means A allows negative definiteness and hence all diagonal entries of A are −, a contradiction. In this paper, we focus our attention on symmetric sign patterns that require unique inertia.
Recall that i + (B) + i − (B) = rank(B) for a real symmetric matrix B. The next theorem gives the maximum value of i + (B) + i − (B) for B = B T ∈ Q(A). First, we need to prove a lemma. has size s or s − 1 depending on whether s is even or odd. Note that the index set of P is contained in the index set of P. Repeating this construction for the disjoint directed paths in H, and keeping the cycles in H, we arrive at a desired principal matching.
Theorem 2.2. Let
Proof. 
is sign nonsingular, and hence there exists a real symmetric matrix B ∈ Q(A) with rank(B) k.
If k is even, by symmetrically emphasizing the entries a i,i+1 and a i+1,i for odd i, we get a real symmetric matrix B with rank(B) k. Thus, SMR(A) MR(A). It follows that SMR(A) = MR(A).
In contrast to Theorem 2.2, we now show by example that mr(A) = smr(A) is not true in general. Clearly, if A requires unique inertia, then smr(A) = SMR(A). In Section 3, we prove that the converse of this statement is also true.
A graph (or digraph) is said to be bipartite if its vertex set can be partitioned as V 1 , V 2 such that every edge of the graph is between a vertex in V 1 and a vertex in V 2 . It is well known that a graph is bipartite if and only if it has no odd cycle. We say a matrix is bipartite if its graph is bipartite. Note that a symmetric sign pattern matrix A is bipartite if and only if it is permutation similar to a matrix of the form
It is known that if there is no odd cycle in a (not necessarily symmetric) sign pattern A ∈ Q n , then all the matrices B ∈ Q(A) have balanced inertia. In view of this, we have the following result, which will be used in Section 4.
Proposition 2.4. For a symmetric bipartite sign pattern
we have
We make the interesting observation that for a symmetric sign pattern A with smr(A) < SMR(A), it may happen that for some k, smr(A) < k < SMR(A), there is no matrix B = B T ∈ Q(A) with rank(B) = k. A natural question is: Is there a symmetric sign pattern A for which mr(A) < smr(A) < SMR(A)? By taking A to be the direct sum of the patterns in Examples 2.3 and 2.5, we see that this can be the case.
Sign patterns that require unique inertia
In this section we explore sign patterns that require unique inertia.
Theorem 3.1. Let A ∈ Q n be a symmetric sign pattern with all diagonal entries nonzero. Then A requires a unique inertia if and only if A is permutationally similar to a pattern of the form
where k is the number of positive diagonal entries of the matrix A,
and W stands for some sign pattern of size k
Proof. Suppose that A ∈ Q n requires unique inertia. Performing a permutation similarity if necessary, we may assume that the first k diagonal entries of A are +, and the remaining diagonal entries are −. By emphasizing the diagonal entries, it can be seen that i(A) = (k, n − k, 0). Assume that the sign pattern A is not permutationally similar to a sign pattern of the form
Without loss of generality, we can assume that there is a symmetric matrix B ∈ Q(A) such that the leading 2 × 2 principal submatrix of B is 
then every real symmetric matrix in Q(E) is diagonally congruent to a matrix of the form
Note that I k is positive definite and
is arbitrary, we conclude that the sign pattern matrix A requires unique inertia.
As a consequence of Theorem 3.1, it can be seen that for n 3, if a symmetric sign pattern A of order n with all diagonal entries nonzero requires unique inertia, then A has at least 1 2 n 2 − n zero entries. This shows that just as sign nonsingularity implies a certain degree of sparsity (see [8] ), requiring unique inertia also implies a certain degree of sparsity.
For general symmetric patterns, we have the following characterization.
Theorem 3.2. A symmetric sign pattern A requires unique inertia if and only if smr(A) = SMR(A).
Proof. Necessity is clear. We now prove sufficiency. Assume that smr(A) = SMR(A). It is well known that the eigenvalues are continuous functions of the entries of a matrix (see [ 
(t), there is an open interval (t − δ(t), t + δ(t)) over which
Therefore, A requires unique inertia.
Corollary 3.3. If a symmetric sign pattern A requires fixed rank, then A requires unique inertia. In particular, if A is a sign nonsingular symmetric pattern, then A requires unique inertia.
Note that A ∈ Q n requires n distinct eigenvalues does not imply A requires a unique inertia, as the following example shows. We can now give a further characterization of symmetric sign patterns that require unique inertia. This theorem, as well as Theorem 3.2, will be very useful in the following section on graphs and unique inertia. Proof. Since the maximum length of cycles in A is m, for any B ∈ Q(A), the characteristic polynomial of B is given by
where We shall now give conditions for a symmetric sign pattern A to require unique inertia, which are more recognizable, especially for large and complicated symmetric sign patterns. For a cycle γ in A, l(γ ) will denote the length of γ , and sign(γ ) will denote the actual product (+ or −) of the entries on γ . Further, we let p(γ ) denote the number of simple odd cycles β in γ such that sign(β) = (−) [l(β)−1]/2 , and we let q(γ ) denote the number of simple odd cycles β in γ such that sign(β)
By X A we mean the symmetric n × n matrix which is obtained from A by replacing each nonzero entry a ij by a real variable x ij , where we restrict x ij to take on values whose sign is a ij . We emphasize that x ij = x ji . For a cycle γ in A, we use X γ to denote the symmetric n × n matrix obtained from X A by setting the entries in X A off of the γ positions to zero.
Lemma 3.6. Let γ be a cycle of length m in a symmetric sign pattern A. Then exactly one of the following four conditions holds for the permissible values of the variables involved:
( 
The results in the statement of Lemma 3.6 now follow easily.
For two m-cycles γ 1 and γ 2 , we say that E m (X γ 1 ) and E m (X γ 2 ) are weakly of the same sign if E m (X γ 1 )E m (X γ 2 ) 0, for the permissible values of the variables involved. Let γ 1 and γ 2 be two m-cycles in A. By using the above constructions on the simple cycles in γ 1 , we can obtain a symmetric matrix B 1 ∈ Q(A) of rank m whose signature (i.e., the number of positive eigenvalues minus the number of negative eigenvalues) is p(γ 1 ) − q(γ 1 ). Similarly, for γ 2 , we can obtain a symmetric matrix B 2 ∈ Q(A) of rank m whose signature is p(γ 2 ) − q(γ 2 ). Now, if A requires unique inertia, then clearly (ii) holds. Thus we have shown that (i) implies (ii).
Theorem 3.7. Let A ∈ Q n be a symmetric sign pattern, with the maximum length of the (composite) cycles in A equal to m 1. Then the conditions (i) A requires unique inertia, (ii) for any two m-cycles γ 1 and γ
We now show that (ii) implies (iii) We point out that (ii) (and hence, (iii)) does not imply (i). For instance, for the sign pattern
it is clear that (ii) holds, since A does not have any simple odd cycles. Also, from the above theorem or from the proof of Lemma 3.6, we see that (iii) holds. However, it can be seen that 2 = smr(A) < SMR(A) = 4. Hence, A does not require unique inertia, namely, (i) fails to hold.
In view of Theorem 3.5, it can be seen that a symmetric sign pattern A with maximal cycle length m requires unique inertia if and only if E m (X A ) is either always positive or always negative for all permissible values of the variables involved. Although polynomial functions that are positive on certain closed or compact semialgebraic sets have been studied in real algebraic geometry and functional analysis (see for example [1, 7] ), there is yet no characterization of polynomial functions that are positive on open semi-algebraic sets. However, if E m (X A ) can be written as a sum of the form ±(P 1 + P 2 ), where P 1 is a sum of positive monomials (taking into consideration the signs of the variables) so that P 1 > 0 for all permissible values of the variables, and P 2 is a sum in which each term is the product of a positive monomial with the square of a polynomial, so that P 2 0 for all permissible values of the variables, then clearly E m (X A ) has fixed sign, and hence, A requires unique inertia. We conjecture that the existence of such a decomposition of E m (X A ) into ±(P 1 + P 2 ) is also a necessary condition for A to require unique inertia. Then E 4 (X A ) = det X A = P 1 + P 2 , where P 1 = −x 11 x 2 24 x 33 −x 22 x 2 14 x 33 > 0 since x 33 < 0 while all the other variables are > 0, and P 2 = x 2 13 x 2 24 − 2x 13 x 24 x 14 x 23 + x 2 14 x 2 23 = (x 13 x 24 − x 14 x 23 ) 2 0. Therefore, det X A > 0 for all permissible values of the variables. It follows that A requires unique inertia.
Graphs and unique inertia
A sign pattern A is a symmetric tree sign pattern if A is symmetric and G(A) is a tree, possibly with 1-loops. We investigate which symmetric tree sign patterns require unique inertia. It is easy to see that a symmetric tree sign pattern with all diagonal entries equal to 0 is a symmetric bipartite sign pattern. The following theorem, which follows directly from Proposition 2.4, describes when a symmetric bipartite sign pattern requires unique inertia. 1, i(A) = (k, k, n − 2k) .
We now consider symmetric tree sign pattern matrices A that possibly have some nonzero diagonal entries. The next result handles the case when G(A) is a "star". As usual, a * entry in a sign pattern can be +, −, or 0. A is even (respectively, odd) .
Proof. The case when n is odd is essentially discussed in the proof of Theorem 2.2. If n is even, then A is bipartite with maximal rank n. It follows from the comment after Proposition 4.1 that if n is even, then A requires unique inertia if and only if A is sign nonsingular. Now, for even n, a cycle of length n in A consists of one n-cycle or 
is not sign nonsingular, and hence, does not require unique inertia. Other situations where the graphs G(A) are familiar graphs can be considered. Generally speaking, the denser A is, the more difficult it is to analyze i(A). For example, the inertia set of the n × n (n 4) sign pattern A, all of whose off-diagonal entries are + and all diagonal entries are 0, is unknown. However, it is clear that A does not require unique inertia. Indeed, by making all off-diagonal entries to be 1, we obtain a symmetric matrix B ∈ Q(A) with i(B) = (1, n − 1, 0); while by symmetrically emphasizing k (where 2 k n/2) disjoint simple 2-cycles, we can obtain a symmetric B ∈ Q(A) with at least k positive eigenvalues.
Some generalizations
Complex sign pattern matrices are discussed in [4] . We now consider n × n Hermitian complex sign patterns, namely complex sign patterns of the form A = A 1 + iA 2 , where A 1 is symmetric and A 2 is skew-symmetric. In this case, we define the inertia set to be i(A) = {i(B) : B = B H ∈ Q(A)}. If i(A) consists of only one inertia triple, we say that A requires unique inertia.
For a Hermitian complex sign pattern, the hermitian maximal rank can be strictly less than the maximal rank. For example, the complex sign pattern It appears that characterizing sign pattern matrices A (symmetric or nonsymmetric) which require unique inertia in the general sense (that is, i(B 1 ) = i(B 2 ), for any two real matrices B 1 and B 2 in Q(A)) is very difficult. Sign nonsingularity of A does not imply that A requires unique inertia in this sense, as shown in the second example after Theorem 3.5. However, we can show the following result, which gives two necessary conditions. To formulate the result, we need to make a definition. For a cycle γ (simple or composite) in A ∈ Q n , we define B γ to be the n × n (1, −1, 0) matrix whose entries with the same positions as the entries of γ are signed the same as in γ and all other entries are zero. Finally, we remark that in a future publication we shall more generally investigate the inertia sets of symmetric sign pattern matrices.
